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Abstract 


The classical double copy relating exact solutions of biadjoint scalar, gauge and gravity 
theories continues to receive widespread attention. Recently, a derivation of the exact classical 
double copy was presented, using ideas from twistor theory, in which spacetime fields are mapped 
to Cech cohomology classes in twistor space. A puzzle remains, however, in how to interpret 
the twistor double copy, in that it relies on somehow picking special representatives of each 
cohomology class. In this paper, we provide two alternative formulations of the twistor double 
copy using the more widely-used language of Dolbeault cohomology. The first amounts to 
a rewriting of the Cech approach, whereas the second uses known techniques for discussing 
spacetime fields in Euclidean signature. The latter approach indeed allows us to identify special 
cohomology representatives, suggesting that further application of twistor methods in exploring 
the remit of the double copy may be fruitful. 


1 Introduction 


The study of (quantum) field theories in recent years has been characterised by a relentless search 
for common underlying structures. An example of this endeavour is the double copy, a set of ideas 
for relating various quantities in a number of different theories. Inspired by previous work in string 
theory |1|, the double copy was first formulated for scattering amplitudes in gauge and gravity the- 
ories {2\/3|, both with and without supersymmetry. It was subsequently extended to exact classical 
solutions in ref. a], which focused on the special — but infinite — family of Kerr-Schild solutions 
in gravity. Follow-up work (see e.g. refs. pHa) has attempted to see whether this family of so- 
lutions can be extended, and the development of different techniques is also useful in this regard. 
Reference (see also refs. (16}18)) presented an alternative exact classical double copy, that uses 
the spinorial formalism of General Relativity and related field theories, and which is known as the 
Weyl double copy. This is more general than the Kerr-Schild approach of ref. i, and includes the 
latter as a special case. To date it remains the most general exact classical double copy procedure, 
although alternative formalisms offer complementary insights [19H28], and it is also known how to 
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double-copy classical solutions order-by-order in the coupling constants of given physical theories, 
at the price of giving up exactness (see e.g. refs. (29}37]). This may offer new calculational tools 
for astrophysical observables, including those related to gravitational waves. However, it is also 
important to probe the origins of the double copy, given that a fully nonperturbative understanding 
of its scope and applicability is still missin 


Recently, refs. |39\/40] provided a derivation of the Weyl double copy using twistor theory 


(see e.g. refs. 45H49] for pedagogical reviews of this subject, and refs. for related work on 
twistor approaches to the double copy). Basic ideas from the latter include that points in our own 
spacetime are mapped non-locally to geometric objects in an abstract twistor space T, and vice 
versa. Furthermore, physical fields in spacetime map to cohomological data in twistor space. In 
more pedestrian terms, one may write solutions of the field equation for massless free spacetime 
fields as a certain contour integral in twistor space known as the Penrose transform. The integrand 
contains a holomorphic function of twistor variables, which is defined up to contributions that 
vanish upon performing the integral. The freedom to redefine twistor functions in this manner is 
expressed by saying that they are cohomology classes T of a cohomology group), and in the 
traditional twistor theory approach pioneered by refs. , these are sheaf cohomology groups, 
which can be suitably approximated by Čech T T Di 


The Čech approach was used by refs. to derive the Weyl double copy, which led to an 
interesting puzzle. The spacetime relationship embodied by the Weyl double copy turns into a sim- 
ple product of functions in the integrand of the Penrose transform in twistor space. As remarked 
above, however, these are not actually functions, but representatives of cohomology classes, which 
are meant to be subjectable to the above-mentioned redefinitions. Any non-linear relationship is 
incompatible with first performing such redefinitions, and thus it seems that the twistor approach 
demands certain “special” representatives of each cohomology class be chosen, with no useful guid- 
ance of how to make such a choice. All that is needed to derive the Weyl double copy in position 
space is simply to find suitable representatives in twistor space that do the right job. But it would 
be nice to know if the double copy can be given a more genuinely twistorial interpretation, by fixing 
a procedure for choosing appropriate representatives. 


Another potential issue with refs. is that the Cech approach is not so widely used in con- 
temporary works on twistor approaches to field theory. Instead, it is more common to use the 
language of differential forms, where the ambiguities inherent in the Penrose transform can be 
characterised by Dolbeault cohomology |5 (51/52). That this is equivalent to the Cech approach follows 
from known isomorphisms between Cech and Dolbeault cohomology groups. Thus, if the double 
copy has a genuinely twistorial expression, then it must be possible to describe it using the Dol- 
beault language. Preliminary and very useful comments in this regard were made in ref. [53], which 
presented a classical double copy defined at asymptotic infinity in spacetime, and showed that it 
could be used to constrain Dolbeault representatives in the twistor formalism (see ref. for ear- 
lier related work). Our aim in this paper is to explore the relationship between the Dolbeault and 
Čech Gas in more detail, and also to go beyond the purely radiative spacetimes considered 
in ref. . We will present two different incarnations of the Dolbeault double copy. The first is 
ace a rewriting of the Cech approach, using a known approach for turning representatives 


“For recent proofs of the double copy in a perturbative field theory context, see refs. [27/38]. 


of Cech cohomology groups into Dolbeault representatives. We will see that a product structure in 
twistor space indeed emerges in the Dolbeault framework, which is ultimately not surprising given 
that this is essentially inherited from the Cech double copy. Furthermore, this first technique for 
constructing a Dolbeault double copy will suffer from the same inherent ambiguities as the Cech 
approach, namely that it is not clear what the recipe is for picking out a special representative of 
each cohomology class. Motivated by this puzzle, we will then present a second Dolbeault double 
copy, which uses known techniques for writing Dolbeault representatives associated with spacetime 
fields in Euclidean signature. We will argue that the spacetime double copy is again associated 
with a certain product of functions in twistor space. In this case, however, special representatives 
of each cohomology class are indeed picked out: they are the harmonic representatives, which are 
uniquely defined for each spacetime field. We hope that our results provide further motivation for 
the use of twistor methods in understanding the classical double copy. They may also prove useful 
in relating the classical double copy with the original BCJ double copy for scattering amplitudes, 
given that twistor methods have appeared naturally in the study of latter (see e.g. refs. [55}59)). 


The structure of our paper is as follows. In section |2| we review the twistor double copy of 
refs. (9l{40}, using the Cech formalism, and also relevant aspects of differential forms and Dol- 
beault cohomology needed for what follows. In section [3] we provide a first example of the twistor 
double copy in the Dolbeault language, and demonstrate its close relation to the Cech approach. 
In section [4] we provide a second incarnation, and argue that it allows us to identify special repre- 
sentatives of each cohomology class. We discuss the implications of our results in section [5] 


2 Review of necessary concepts 


In this section, we will review those details of twistor theory that are needed for what follows, 
including relevant aspects of Cech and Dolbeault cohomology. We will also describe the twistor 
double copy of refs. solla], which was formulated in the Čech language. All of these ideas rely 
on the spinorial formalism of field theory, in which any spacetime tensor field] can be converted to 
a multi-index spinor upon contracting with Infeld-van-der-Waerden symbols {0%}, defined in a 
suitable basig] e.g. 

Vaa = Vao4ar- (1) 


Spinor indices A and A’ run from 0 to 1, and can be raised and lowered with the 2-dimensional 
Levi-Civita symbols «4%, €4’®" etc. The spinorial formalism makes many nice properties of field 
theory manifest. In particular, any multi-index spinor can be decomposed into sums of fully sym- 
metric spinors multiplied by Levi-Civita symbols. For massless free fields in spacetime, one may 
write separate spinors ¢4p..c¢ and ¢,4’pg.c’ for the anti-self-dual and self-dual parts of the field 
respectively. These obey the general massless free field equation 


Vi“ bac =0, VA" bap..c =0, (2) 
where V44 is the spinorial translation of the covariant derivative, and there are 2n indices for a 
spin-n field. The cases n = 0, 1 and 2 correspond to solutions of a scalar theory, gauge theory 


°Throughout, we will use lower-case Latin letters for spacetime indices, upper-case Latin letters for spinor indices, 
and Greek letters for the twistor indices to be defined in what follows. 
6A common choice results in the identity matrix for où 4,, and the Pauli matrices for o4 4. 


and gravity, respectively. Then ref. showed that, for vacuum solutions of Petrov type D, the 
corresponding spinors were related by the Weyl double copy formula 


1 2 

$ (x) Arar) 6Etpy (2) (3) 
AI BIC! DIX) = . 

(x) 
Here 04?) are two potentially different electromagnetic spinors, and the brackets denote sym- 
metrisation over indices. Follow-up work — including the use of the twistor methods to be outlined 
below — has established the validity of eq. for other Petrov types (18]/39|/40], albeit at linearised 
level only in some cases: it is only for types D and N that Minkowski-space solutions of eq. 

correspond to exact solutions of the field equations. 


2.1 Twistor space and the incidence relation 


Twistor theory provides an alternative viewpoint on solutions of eq. (2). We start by defining 
twistor space T as the set of solutions of the twistor equation 


Viia®) =0, (4) 


where Q? is a spinor field. Until further notice, we will work in complexified Minkowski space Mc, 
which can be thought of as C* equipped with the metric nap = diag(1,—1,—1,—1), such that the 
line element in (complex) Cartesian coordinates takes the form 


ds? = napdx%dx” = (dx)? — (dx)? — (dx?)? — (dx*)?, qt EC. (5) 


Given a vector 2% = (x°, x!, x?, x°), its spinorial representation following from eq. is 


, 1 r? +r? gl ir? 
AA + 

T a wo (a +iz? 29-23}? (6) 
where we have defined the Infeld-van-der-Waerden symbols as in refs. (45}/46). We may then write 
the general solution to the twistor equation of eq. as 


Q4 = wô itt Tny, (7) 


where w4, my are constant (in spacetime) spinors, that we may combine to make a four-component 
twistor 
Z® = (wf, Ta). (8) 


The “location” of a twistor in spacetime is defined to be such that the field Q4 in eq. vanishes, 
which sets up a non-local map between spacetime and twistor space known as the incidence relation 


UEI E TAN (9) 


Given the invariance of this relation under rescalings Z* + AZ®%, A € C \ {0}, twistors satisfying 
the incidence relation correspond to points in projective twistor space PT. Points in spacetime 
correspond to complex lines (Riemann spheres) in projective twistor space. For a point x in 
complexified Minkowski space, we denote the corresponding Riemann sphere by X S CPt. As the 
components of my vary for a given x^^’, they trace out all points on the Riemann sphere X, so 
that a given point on X is completely specified by a given ma. To specify all points on X, we must 
cover it with at least two coordinate patches, which we will label by Up and U; in what follows. 


<a> 


E> 


Figure 1: The Riemann sphere X in twistor space corresponding to a spacetime point x. We 
consider a twistor function f(Z°) with poles P; contained in the regions N and S around the north 
and south poles. The contour I separates these two poles. 


2.2 The Penrose transform and Cech cohomology 


A key result of twistor theory is the Penrose transform, that relates massless free fields obeying 
eq. to cohomological data in twistor space. More precisely, the original formulation of the 
Penrose transform expresses spacetime fields as contour integrals in projective twistor space: 


z 1 
pa'p.. lz) = oni $ (rdn)narnp -Tæ f(Z)|x, (10) 
TL JT 
where the measure contains the inner product 


(ndr) = r” dry = AP Trpdry, (11) 
and the notation |x denotes restriction to the twistor line X ~ CP! associated with x by the 
incidence relation (9). Furthermore, the contour T is defined on X, such that it separates any poles 
of f (Z%). All of the functions considered in this paper will have at most two poles, and we may 
parametrise the sphere such that they are contained in two regions N and S around the north and 
south poles, as shown in figure|1} Let us then define the coordinate patches 


=n. as (12) 


That is, Up (U1) consists of the sphere X excluding the region N (S), and thus contains the pole Po 
(P,). By construction, the twistor function f(Z%) is holomorphic on the intersection Up NU1. Also, 
for eq. to make sense as an integral in projective twistor space, the integrand plus measure 
must be invariant under rescalings of Z“. Thus, f(Z%) must be homogeneous of degree —2n — 2. 
However, one is clearly free to redefine the function f (Z“) up to contributions that vanish upon 
performing the contour integral. That is, if hg (h1) is a holomorphic function on Up (U1), then the 
Penrose transform (10) is invariant under 


ff bhp has (13) 


In simple terms, this corresponds to adding additional functions with poles on only one side of the 
contour I’, such that one may always choose to close the contour in a region with no poles. The 


freedom of eq. means that it is not correct to regard f (Z“) as a function, but as a representative 
of a Cech cohomology class. We refer the reader to refs. for excellent pedagogical reviews 
of Cech cohomology in the present context, with a brief summary as follows. Given an open cover 
{Ui} of some space X, one may consider a p-cochain figi,...i,, consisting of (for our purposes) a 
function living on the intersection Uig NU; ...QU;,, where an ordering of the intersection of the sets 
is implied, such that figi,...;, is defined to be antisymmetric in all indices. Note that fi (a 0-cochain) 
is simply a function defined in the single patch U;. We may further define the coboundary operator 
dp, that acts on the set of p-cochains to make (p + 1)-cochains: 


Op fio.ipb) = {P+ V)Phipsr Fio...ipl t> (14) 


where square brackets denote antisymmetrisation over indices, and p; denotes the restriction of a 
quantity to the patch U;. The (p+1)-cochains generated in this manner are referred to as cobound- 
aries. Furthermore, cochains satisfying dp fio...i, = 0 are called cocycles, and we can reinterpret 
the transformation of eq. in this language. First, note that all the quantities that appear are 
holomorphic functions on the intersection Up N U1. Restricting to this intersection, we may write 
the first term on the right-hand side, with Cech indices made explicit, as fo. Given that there 
are no triple intersections for our cover, one automatically has 6, for = 0, so that fo, is in fact a 
cocycld’| The function ho (defined on the intersection) stems from a function that is holomorphic 
throughout the whole of Up, such that it has the form 


ho = pı Ho, (15) 


where Ho is a 0-cochain on Uo. Similar reasoning applies to h1, such that we may rewrite eq. 
with formal Cech indices made explicit: 


for > for + p1Ho — poH. (16) 


Comparison of the latter two terms with eq. shows that this transformation consists of modi- 
fying the 1-cocycle fo; by a coboundary. 


Cocycles and coboundaries both form groups, denoted by Z?({U;},S) and B?({U;},S), where S 
denotes the type of function] We will be concerned with holomorphic functions of homogeneity 
(—2n — 2) for a spin-n spacetime field, which we denote by S = O(—2n — 2). Then one may define 
the pt? Čech cohomology group 


ZP({Ui}, S) 


H°({U;}, 8) = BP({U,}, S) 


(17) 
Elements of this group are Cech cohomology classes, consisting of cocycles that are equivalent up 
to addition of coboundaries. Equation tells us that the quantity appearing in the Penrose 


transform of eq. is indeed a representative of a Cech cohomology class, and thus an element 
of the group H1(PT, O(—2n — 2)). 


"For more general covers, consistency of closed contour integrals on triple intersections implies that the cocycle 
condition 6p fi; = 0 indeed holds for all such quantitites appearing in eq. {o}. See e.g. ref. for a discussion of 
this point. 

8More precisely, S denotes the so-called sheaf to which the functions belong. The Čech cohomology described here 
is an approximation to sheaf cohomology, that is sufficient for our purposes. 

°Our notation here reminds us that we are considering cohomology groups defined on projective twistor space, 


2.3 The Penrose transform and Dolbeault cohomology 


An alternative formulation for the Penrose transform exists, which uses the language of differential 
forms (see refs. for pedagogical reviews). In general on a complex manifold M with 
complex coordinates z’, one may decompose differential forms into (anti-)holomorphic parts, such 
that 0?:4(M) denotes the space of so-called (p, q) forms 


WwW = War...apū1...āg dZ” N... Adz® \dz™ A...A dz, (18) 


where the bar on coordinates denotes complex conjugation. The exterior derivative operator d can 
then be split as follows: 7 
d=0+0, (19) 


where the Dolbeault operators 0 and ð act on a (p,q) form to give a (p + 1,q) and (p,q +1) form 
respectively, and are individually nilpotent (0? = 0? = 0). Projective twistor space is a complex 
manifold, where the precise definition of complex conjugation depends on the signature of the 
spacetime we are working in. That is, different real slices of complexified Minkowski spacetime lead 
to different types of conjugation in twistor space. However, once a given choice has been made, we 
may introduce the Dolbeault operator 


= -a 0 
d= dZ*_, 20 
OZ (20) 
and use it to define holomorphic quantities h by Oh = 0. Then the Penrose transform may be 


written as 


Qa n.c la) = = f (wan) A TA'TB'... ræ f(Z)lx, (21) 


which has a number of differences in comparison with eq. (10). The quantity dry appearing in 
the measure is now to be regarded as a (1,0) form, and the integration is over the whole Riemann 
sphere X, rather than over a contour. For this integral to make sense, the holomorphic quantity 
f(Z) must be a (0,1) form which, given we are in projective twistor space as before, must again 
have homogeneity —2n — 2 for a spin-n field: 


fe (PT,O(-2n-2)), JAZ) =A" F(Z), OF =0. (22) 
Similarly to eq. (20), there is a redundancy in how one chooses f(Z): if we redefine it according to 
f > f+, (23) 


for some g € 2°(PT,O(—2s — 2)), and where ðg is globally defined on X, the second term will 
vanish as a total derivative on the Riemann sphere when inserted in eq. (21). Furthermore, the 
additional term preserves the holomorphic property 0f(Z) = 0, by nilpotency of ð. In general, the 
set of (p,q) forms on a manifold M satisfying Oh = 0 are called 0-closed, and form a group under 
addition denoted by Z54(M). Forms of the form h = 0g are called 0-exact, and form the group 


B(M). One may then define the (r, s) Dolbeault cohomology group 


24M 
HEI (M) = (24) 


but suggests that they will be independent of the particular cover {U;} used. That this is indeed the case follows 
from the fact that the cover {U;} used throughout the paper is a so-called Leray cover, such that Cech cohomology 
groups are isomorphic to the relevant sheaf cohomology groups. 


Elements of this group are Dolbeault cohomology classes, namely -closed (p,q) forms that are 
defined only up to arbitrary additions of -exact forms. It follows from these definitions that 
the twistor (0,1)-form f(Z) appearing in eq. (21) is a representative element of the Dolbeault 
cohomology group 

H5” (PT, O(—2n — 2)), (25) 
where our enhanced notation relative to eq. makes clear that we are considering holomorphic 
(0,1) forms of a certain homogeneity only. 


2.4 Connection between Dolbeault and Cech descriptions 


The previous sections provide two different descriptions of the cohomological identification of space- 
time fields implied by the Penrose transform. Let us now examine the relationship between them, 
where we will follow the arguments presented in e.g. refs. [60)/61). We will consider explicitly the 
situation of figure |1]in the Dolbeault approach, so that f(Z)|x is a (0,1) form that is holomor- 
phic everywhere apart from singularities at Pp and Pı. Then the Dolbeault representative f(Z) 
associated with a given Cech representative f (Z) may be defined as follows. First, given our cover 
(Up, U1) of X, we may choose a partition of unity {7;}, where each n; is defined in U;, subject to 


>on =1. (26) 


We may thus write 
m=, m=1—n, (27) 
and also define 


fi= 0 žan (28) 
j 


in U;, so that we have explicitly 


fo=(—n)fo, fi = nfo = —nfor. (29) 
Then the desired Dolbeault representatives are given by 
F(Z) = {Ofi}. (30) 


This satisfies 0f(Z) = 0 by construction. Furthermore, on the intersection Up N Uj, one has (via 


eq. (29) a ek ee 

Ofo — Of: = ð for = 9, (31) 
so that f(Z) is indeed uniquely defined globally on X. To check these identifications, it is instructive 
to see how the Penrose transform of eq. reduces to that of eq. (LO). First, note that one may 
write the integral over the Riemann sphere X = Up U U, in eq. as 


if, + a 7 = (rdr) A TaTE -To f(Z)|x. 


In the third term, the integrand will contain Of; evaluated on the intersection (i.e. away from the 
poles at Py and Pı), which is zero. Thus, we need only consider the first two terms. Substituting 
the results of eq. (29), we may rewrite them using Stokes’ theorem to give 


(a-mf rds) arnpr o rojn (Z)) 
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a (n $, (rdnynarne i orofa) , (32) 


where T; is the oriented boundary of U;. These boundaries are depicted in figure[1] and the absence 
of poles between each T; and T imply that one may write 


nee 


where one must take the opposite orientation of [, on the sphere into account. The remaining 
integral over dz can be interpreted as a conventional contour integral, such that eq. repro- 
duces the Penrose transform of eq. (10), as required. We have here shown how to go from the Cech 
representative of a twistor function to the corresponding Dolbeault representative. For a discussion 
of how to go the other way, we refer the reader to e.g. refs. (60)/61). 


As well as showing how Dolbeault representatives may be defined from their Cech counterparts, 
we may also reinterpret the cohomological freedom. It follows from eq. (28) that redefining a Cech 
representative by 

fig > fig + hi— hy 


amounts to redefining the Dolbeault representative according to 


f(Z) > f(Z) -9 (= han) . (33) 


Above, we have used an arbitrary partition of unity on our cover (Up, U1). We can simplify things, 
however, by choosing a trivial partition in which 7 = 0. Then the Dolbeault Penrose transform can 
be carried out by integrating solely over the patch Up, even though this does not cover the entire 
sphere. 


2.5 The twistor double copy 


Having reviewed various aspects of the Penrose transform, let us now turn our attention to the Weyl 
double copy of eq. (3), connecting scalar, gauge and gravity fields in spacetime. As was recently 
presented in refs. B9440], it is possible to derive this relationship from the Penrose transform of 
eq. (i.e. in the Cech language). The procedure involves choosing holomorphic twistor quantities 
(Z), pO (Z ) of homogeneity —2 and —4 respectively, such that they correspond to scalar and EM 
fields in spacetime respectively. One may then form the product 


Jerav.(Z) = 7 ; (34) 


which has homogeneity —6 by construction. This corresponds to a gravity field in spacetime, and 
refs. presented choices for the various functions appearing on the right-hand side of eq. (34) 
such that the spacetime fields obtained from eq. obey the Weyl double copy of eq. (3). For 
the original type D Weyl double copy of ref. [15], it is sufficient to choose functions of the form 


fnlZ) = [Rage] ", (35) 
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for some constant dual twistor Qag, and where m = 1 and 2 for the scalar and EM cases respec- 
tively. This is a quadratic form in twistor space, and implies the presence of two poles on the 
Riemann sphere X corresponding to a given spacetime point x. The scalar, gauge and gravity 
fields linked by eq. then share the same poles. These poles give rise to the principal spinors of 
their respective spacetime fields, so that one obtains a geometric interpretation of how kinematic 
information is inherited between different theories in spacetime. Furthermore, ref. provided 
examples of non-type D solutions (albeit at linearised level due to the limitations of the Penrose 
transform), showing that at the very least the twistor double copy provides a highly convenient 
book-keeping device for constructing spacetime examples of the Weyl double copy. 


However, there is an obvious deficiency of eq. (34), discussed in detail in ref. [a0]. As reviewed above, 
the quantities appearing in eq. are not in fact functions, but representatives of cohomology 
classes, which may in principle be subjected to the equivalence of transformations of eq. (13). 
The product of eq. (34), in being a non-linear relationship, clearly violates this invariance. Upon 
redefining the scalar and gauge theory quantities f (Z) and Fo, before forming the product, one 
would obtain a different gravity solution in general. This does not matter from the point of 
view of deriving the Weyl double copy: all that is required is that we find suitable quantitites 
in twistor space that correspond to the desired spacetime relationship. However, if the classical 
double copy is to be given a genuinely twistorial interpretation, we need a prescription for picking 
a “special” representative for each cohomology class, that eliminates any ambiguity in the double 
copy procedure. This has been discussed recently in ref. [53], which focused on purely radiative 
spacetimes, namely those that can be completely determined by data at future null infinity. It 
is known that this characteristic data can be used, in either gauge theory or gravity, to uniquely 
fix a Dolbeault representative in the Penrose transform |54|. Thus, for such spacetimes a natural 
mechanism arises for fixing the ambiguities inherent in eq. a It is not immediately clear, however, 
how to generalise this argument to non-radiative spacetimes, and thus we will present alternative 
arguments in what follows. 


3 The twistor double copy in the Dolbeault approach 


In the previous section, we reviewed the twistor double copy of eq. (34), based on the Penrose 
transform of eq. (10), in which all twistor functions are to be interpreted as representatives of 
Cech cohomology classes. Let us now see how one can instead formulate the same idea within the 
framework of Dolbeault cohomology. We will begin by studying a particularly simple example of 
solutions of eq. (2). 


3.1 Momentum eigenstates 


Momentum eigenstates in spacetime are characterised by a given null momentum with spinorial 
translation pg > papa’, and are a special case of plane waves. The solution of eq. corresponding 
to such a wave can then be written as 


papolt) = pype... poe”, (36) 


where the basic phase factor e’?* = etapaz’ is dressed by an appropriate number of spinors 
pa’, according to the spin of the relevant field. We must then be able to find a (0,1)-form f(Z) 


10 


in projective twistor space that, when restricted to the Riemann sphere X and substituted into 
eq. (21), yields the spacetime field of eq. for a given spin. This (0,1) form will be defined only 
up to the addition of an arbitrary O-closed (0,1) form, and a suitable Dolbeault representative for 
a plane wave of helicity h can be written as (see e.g. ref. [48}) 


fh = Bro) exe | hw], (37) 


where ay is an arbitrary constant Weyl spinor, and we have introduced a holomorphic delta function 
to be inserted into our Penrose transform integral, which may be further decomposed using the 


useful identity] 
TE (=) | (38) 


u 


We have also introduced the inner product 
[wp] = wpa, (39) 


where w^ is the Weyl spinor appearing in Z® according to eq. (3). To see that eq. indeed 
reproduces eq. (36), regardless of the choice of ax, we may parametrise X in eq. by choosing 
(ab) 
Ta =by +zay => (adr) = —(abjdz, ta = Tape (40) 
ap 
where by is another constant spinor such that (ab) # 0, and we have used the delta function 
condition in the third equation. Without loss of generality, let us choose this parametrisation to 
correspond to the patch Uo discussed in the previous section, such that this contains the support 
of the holomorphic delta function. Equation then becomes, after restriction to the Riemann 
sphere X, 


=i —2h+1 
[h] _ (ap) (ap) 5 AAD g 
Pea (2 ð -m a exp fix paĝa]: (41) 
ap 


where the incidence relation of eq. (9) has been used. Substituting this into eq. (21), one finds 
10 [ix nu) 2 f aera (he 
Pa -po exp |i" parPal z ty | 


so that carrying out the integral using Stoke’s theorem yields eq. as required. Note that we 
integrated only over Up above, rather than the complete Riemann sphere X. In order to complete 
the latter, as per the discussion in section one should also integrate over a second patch U;. 
However, by construction this has be taken so as not to contain the support of the holomorphic 
delta function, and thus the further integration will not affect the above result, as expected given 
that we have already recovered the plane wave spacetime field of eq. (36). 


Our convention for the holomorphic delta function differs from that of ref. in that we have not included a 
factor of (27i)~'. The reason is that this has already been included in our Penrose transform definition of eq. (21). 
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Now let us examine plane waves of different helicity, and note that we may choose to rewrite eq. 
(before restriction to X) as 
fl = Ort, (42) 


where 


å —2h+1 a p 
BO = ai (R) ren al. e 


It is then straightforward to verify the relationship 
Fih) pik] 
FO ’ 


which can be interpreted as follows. Choosing h = h’ = 1, one finds that eq. applied to FP! and 
FU yields Dolbeault representatives associated with scalar and gauge theory respectively, such that 
the Penrose transform of eq. gives spacetime scalar and photon plane waves. Equation (44), 
after substitution into eq. (42), yields a Dolbeault representative for a gravity wave. From eq. (36), 
the resulting spacetime fields are then precisely related by the Weyl double copy of eq. (3). Thus, 
eq. (44) is a twistor-space expression of the Weyl double copy, that can be used to generate the 
Dolbeault representative for a gravity solution, from similar representatives in scalar and gauge 
theory. Of course, plane waves are very special solutions, and it is perhaps not clear that the 
procedure of eq. generalises to a wider class of solutions. That it indeed generalises in fact 
follows from the ideas reviewed in section [2.4] as we now discuss. 


pleth] — (44) 


3.2 The twistor double copy from Dolbeault representatives 
The previous section suggests the following general prescription. Consider Dolbeault representatives 
= l E) 

F(Z) = F(z), few(Z) = OF x (45) 
defined locally on some patch U;, corresponding to scalar and electromagnetic fields respectively. 
Then one can form a gravitational Dolbeault representative on U; by 

1 2 
Fi (Z) Figg 2) 
F(Z) 


ferav. =0 


(46) 


Our claim is then that suitable representatives may be chosen so that the corresponding spacetime 
fields obtained from eq. are related by the Weyl double copy of eq. (3). To see why, note that 
one may choose Cech representatives in eq. (34) so as to obtain a gravitational Cech representative, 
where the corresponding fields obey the Weyl double copy. We may then convert each Cech rep- 
resentative to a Dolbeault representative using eqs. [30). To simplify this procedure, we may 
choose a trivial partition of unity, such that 7 = 0. We may then carry out the Penrose transform 
of eq. by integrating only over the patch Up, and such that the functions appearing in eq. 
are simply given by 

F(z)=4(2), Fine = Faw (47) 
Thus, the Dolbeault double copy formula of eq. is ultimately a rewrite of the Cech formula, 
where the latter is converted to a (0,1) form by the action of the Dolbeault operator 0. Upon 
integrating the Penrose transform over Up, a non-zero result survives provided the quantity in the 
square brackets in eq. has a pole in the patch Up. To clarify our rather abstract discussion, 
we now present some illustrative examples. 


12 


3.2.1 Elementary states 


In the Cech language, elementary states are holomorphic twistor functions consist of simple ratios 
of factors such as (A,Z“), where A, is a constant dual twistor. They were originally studied as 
potential twistor-space wavefunctions for scattering particles (see e.g. refs. [42\|46]), and have since 
been reinterpreted as giving rise to novel knotted solutions of gauge and gravity theory [16|/62} {66}. 
In refs. [39}/40], elementary states were used to construct examples of Weyl double copies where 
the gravity solution had arbitrary Petrov type, albeit at linearised level. Given such an elementary 
state, we may form a suitable Dolbeault representative as in eqs. [47), and thus consider the 
following family of (0,1) forms: 


a ~ 1 
FO) (Z) = (Gomera , (48) 


where 2n = a + b for a spin-n field, and the dual twistors Ag = (Aa, A“’), Ba = (Bp, B®’). Upon 
restricting to the Riemann sphere X of a given spacetime point x, let us choose a cover (Up, U1) 
such that the pole in A- Z (B - Z) lies in the patch Up but not U; (U1 but not Uo). In Uo, eq. 
may then be written as 


1 _ 1 
FD, = Baz (cz) | “ 


The product between the twistor Zf and the dual twistor Ag is given by 
AgZ9|x = ix^" Agama + AW my = (ix^ Ag+ A“ yry = (AT), (50) 
where we have introduced the Robinson field 
A” = ix^ A, + A”, (51) 


and used eq. (9). Similarly, one may write 


BoZ"|x = (Br), BY = ix^“ Ba +B“, (52) 
such that eq. becomes 
1 = 1 

Z = o ; 53 
12)|,, = weer? (eyn) 63) 

Under the Penrose transform, and using our trivial partition of unity, we have 
== d -a l 4 
DA.. Abn (x) -dmi a (m T) ^A TA +++ TAL (Br)o+l (Arjat ’ (5 ) 


which may be explicitly evaluated by making the following parametrisation for Up: 
tTar(z) = Ag t+ 2Ba. (55) 


Note that our requirement that Up does not contain the pole at (Bm) = 0 implies (BA) 4 0. 
Substituting eq. into eq. then yields 


ee oe -/ 1 
Pas..as, (2) _ ri (BAJ tet J, dz TA, (z) Srg TAL, (z)O (=) 
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1 (-1)? dz 
= Sai BATT fy, ATAI) Fay, (2) (66) 


where Stokes’ theorem has been used in the second line. Taking the residue of the pole at z = 0, 
one finds 
(-1)° 1, € 
PA... Ab, (x) = (BAH a lim det [ry (z) +++ TAL (z) 
el 


a+b 
= arl i ) cay Aa Baa Bap) (57) 


Special cases of this family of spacetime fields indeed obey the Weyl double copy of eq. (3). as 
already discussed in refs. [39}/40]. Indeed, this will be the case whenever scalar, EM and gravity 
fields are chosen such that eqs. are obeyed for their Dolbeault representatives in twistor 
space, as may be easily verified. 


3.2.2 General type D vacuum solutions 
To go further than the previous section, we may consider the Dolbeault representatives 
mh Z) = OF m(Z), Fin(Z) = fm(Z), (58) 


where es ) consists of an inverse power of a quadratic form, shown explicitly in eq. (35). On the 
Riemann sphere X, let us parametrise Up by 


mar = (1,8) (59) 
i.e. such that my # 0. The quadratic form will assume the general form 
QapZ°Z" = N~*(a)(§ — &o)(E — &) (60) 


where the normalisation factor N~+(a) inherits its spacetime dependence from the incidence rela- 
tion, and the pole €; is taken to lie exclusively in U;, as shown in figure [1] The Penrose transform 
of eq. for each m then evaluates to 


N™(a) 


(6) Arc (, £) a 1 ) 
1 / = — d ð 
PDN m J ear Ea 

N(x) (1,)ar... (1, €) pv 
Zm d ; 61 
ant fa STe =f)" So (61) 
Taking the residue of the pole at € = £o, one finds spacetime fields (for m=1, 2 and 3 respectively) 

N N? N’ 
d(x) = 5 e , $xg(z)= e Ebe) PaA'BIC!D! = a 
where we have introduced the spinors 

a=(1,é), @= (1,1). (63) 
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The fields of eq. clearly obey the Weyl double copy of eq. (3). Furthermore, as has been pointed 
in ref. , use of a general dual twistor Qag allows one to span the complete space of vacuum type 
D solutions. We thus recover the results of refs. in the Cech approach, but this was in any 
case guaranteed by our general argument. The examples of alternative Petrov types presented in 
refs. will also generalise to the Dolbeault approach. 


To summarise, in this section we have introduced a general procedure for obtaining twistor double 
copies in the Dolbeault formalism, which is essentially a rewriting of the twistor double copy in the 
Cech approach to twistor theory. Alas, this means that the Dolbeault approach also suffers from 
the same apparent ambiguities as the Cech double copy, which we discuss in the following section. 


3.3 Cohomology and the Dolbeault double copy 


As we reviewed in section [2| the twistor quantities appearing in the Penrose transforms of eq. 
and are representatives of cohomology classes. In eq. fio}. these are Cech cohomology classes, 
and we saw that the product of eq. is incompatible in general with the ability to redefine each 
representative according to the equivalence transformations of eq. (13). In the Dolbeault language, 
this freedom translates to the ability to add a 0-exact form to each representative, as expressed 
in eq. (23). One may then investigate whether the prescription of eq. respects the ability to 
redefine each Dolbeault representative according to eq. (23), and it is straightforward to see that 
it does not. 


To show this, recall that the functions appearing in eq. are straightforwardly related to their 
corresponding Cech representatives by eq. (47). Redefining the latter according to eq. amounts, 
from eq. and our partition of unity with ny = 0, to adding Oho(Z) to the corresponding 
Dolbeault representative. Here ho(Z) has poles only in U1. In eq. (46), the conversion of the square 
brackets to a (0,1) form happens after the double copy product has already taken place. For our 
purposes, it is sufficient to consider equivalence transformations of the functions appearing in the 
numerator of eq. (46), such that one replaces eq. with 


(FQ (Z) + AO (ZER (Z) +PZ) 
F(Z) 


ferav.(Z) > 0 


hP (ZER (Z) + a?) (Zz) FY (Z) + APZ) (Z) 
Z 


F(Z) 


= ferav. (Z) +0 


(64) 


We stress that, despite appearances, this replacement does not have the same form as the equiva- 
lence transformation of eq. (23): in the latter, the second term is defined over the whole Riemann 
sphere, and thus vanishes as a total derivative when integrated. By contrast, in eq. the second 
term is defined only locally within the patch Up, and thus gives a potentially non-zero result after 
integration. Indeed, Stoke’s theorem implies that the contribution to the second term in eq. 
to the Penrose transform integral is 


1 
277% Uo 


hP (Zz) FO) (Z) + AP) (z) F(Z) + AP (ZAZ) 
F(Z) 


(rdm)T ait BITC T pi 


The terms in the square brackets have poles in Uo in general, and thus this integral will be non-zero. 
Thus, as in the Cech double copy of refs. (sal/40}, redefining the scalar and EM fields before forming 
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the twistor space product results in a different spacetime field in general. As in that case, this 
is not a problem when it comes to deriving the form and scope of the Weyl double copy, where 
one must simply find suitable representatives for each field in twistor space so as to reproduce the 
desired spacetime relationship. However, it would be nice if there were a systematic way to decide 
which representative should be chosen. We give one such method in the following section. 


4 Dolbeault representatives in Euclidean signature 


As we have seen, both the Cech and Dolbeault double copies involve forming apparently ambiguous 
products of twistor functions, where the non-linear nature of this relationship is at odds with the 
fact that these functions are actually representatives of cohomology classes. It is then natural to 
ponder whether there are any natural ways to choose “special” representatives of each class, so 
that the procedure can be made unambiguous. One such procedure has been presented recently in 
ref. [53], which focused on radiative spacetimes. Here we give a different procedure that works for 
all examples considered in this paper, provided one uses Euclidean signature in spacetime. This 
allows the use of known methods from complex analysis that can indeed pick out special represen- 
tatives of Dolbeault cohomology classes. For reviews of twistor theory in Euclidean signature, see 
refs. [44\/48}, the latter of which inspires our review of relevant material below. 


The spinorial translation of a spacetime point x° has been given in eq. (6). One may impose 
Euclidean signature by defining the hat-operation 


» 1 f go - 2 -7l + iz? 
AAA 
=e : 65 
j 5 (ie 79+ 23 (65) 
where the bar denotes complex conjugation. Demanding that 744’ = #44" yields the constraints 
x? € R and 
a! = iy', YI ER, le {1,2,3}, 
such that 


zas? = (2)? + (yt) + (92)? + (9°) (66) 
as required. The hat operation in turn induces the following conjugation on 2-spinors: 
w^ = (a,b) > ô^ = (—b,ā), ta’ = (c,d) > tt = (—d,2), (67) 
such that this operation acts on twistors as follows: 
Z% = (wf, ny) > Ê% = (04, fy). (68) 
Using this notation, the Dolbeault operator discussed in section [2.3] takes the form 


ee. ee 
0 = dZ yaa Boa + ta 


(69) 
As explained in e.g. ref. [as], it is convenient to rewrite this by introducing a particular basis for 


anti-holomorphic vectors and (0,1) forms on the appropriate projective twistor space (which we 
denote by PT(R*)). That is, we may write the tangent space of anti-holomorphic fields as 


= A 1 ð = / ð 
Tonni = span fa = (niri ona” OA = nê son} 5 (70) 
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and the space of (0,1) forms as 


dà) _,  ftarda4”’ 
9° (PT(R4)) = ON) A ae 1 
(PT(R')) = span fe T (71) 
such that the Dolbeault operator of eq. is recast as 

ð = æð + ey. (72) 


We may write the Penrose transform following eq. (21), where the twistor function that appears 
must be an element of the Dolbeault cohomology group Hy” (PT(R‘), O(—2n — 2)), and may be 
expanded in the above basis as 

f = foe? + fae’. (73) 


The convenience of this basis then becomes apparent. Upon restriction to the Riemann sphere X 
corresponding to fixed r^^, only the term involving é? survives, and one thus finds 


1 
ba'B'...c1(L) = =f (ndr) A TATE -TO foxe. (74) 
TU SX 


Let us now return to the problem of how to pick special representatives of Dolbeault representatives 
for given spacetime fields, such that the twistor double copy prescription of eq. becomes more 
meaningful. First, let us recall that on a complex manifold M, one may define an positive definite 
inner product between two (p,q) forms a, 8 € 0?:7(M) according to 


(a, 8) = I al xB. (75) 
M 
We may then define the adjoint Dolbeault operators 0', Ot via 


(a, 08) = (a, b), (a, 08) = (J'a, 8). (76) 


Then, the Hodge decomposition theorem says that, if M is compact, one may write an arbitrary 
(p,q) form w € 0?:4(M) as i g 

w = ĝa +B +4, (77) 
where a € QPM), B e OP-9+1(M) and y € OP:4(M). The form y is called the harmonic part of 
w and satisfies dw = O'w = 0. We denote by Harm?%(M) the set of all such harmonic forms, and 


there is a known isomorphism between the set Harm (M ) and the Dolbeault cohomology group 


Hy" (M ), which is straightforward to understand: elements of the latter are cohomology classes; 
each cohomology class has a unique harmonic representative, namely an element of the former. For 
a ð-closed form (ðw = 0), one finds 00'8 = 0. Consideration of 


(6, 00") = (018, 018) > 0 
then reveals 018 = 0. 


In our present context, we are concerned with (0,1) forms on the Riemann sphere X corresponding 
to a given spacetime point x. As mentioned above, after restriction to X one has |x = 22. The 
above comments imply that a -closed (0,1) form can be written as 


flx =@ 02g + fa, (78) 
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where g is a function and 
fa € Harm?" (CP!, O(—2n — 2)) 


is a 0-harmonic (0,1)-form on X œ CPt, where we have also labelled the homogeneity required for 
a spin-n field. From eq. (78), picking a Dolbeault representative for a given field to correspond to 
the purely harmonic part amounts to imposing the requirement{""] 


Oi flx =0, (79) 


and the Penrose transform then assumes the form 
1 
papolt) = oni f (ndr) ATATpg ... nTa fa(Z)|x. (80) 
Me X 


To address the relationship with the Weyl double copy, it is worthwhile pointing out that there is 
an explicit mechanism to generate harmonic Dolbeault representatives in twistor space [44]. Given 
a spacetime spinor field ¢4/p/...c/(x), one may construct a twistor function on X as follows: 


1 ~ Al» BI Wau 
O,= Geant A.O (2) AA RP RC. (81) 


(nî 


One may then construct the (0,1) form 


A 2n +1 -A'B vo 
fg = Oy = Taye IAB cr n? n? E, (82) 
where we have introduced the operator 
r , O 
d= d^ — 83 


and used the basis of eq. (71). Equation (82) indeed turns out to be harmonic. Conversely, using 
fe in the Penrose transform of eq. reveals d,4/p’...cv to be the spacetime field associated with 
the twistor one-form fẹ. To see this, one may write the Penrose transform out in full as 


o 1 (ndr) A (îdi) 2n +1 D aF 
paale) = Ini L (na)? TA... TO qgan PDB’ (x)ir aera TC 
B ee ( j TA.. TORO 2. aE 
M x j (n)? 
= bp... (a)6py -6B (84) 
where (ndr) A (âd) 
TAT) A (TAT 


Equation also occurs when describing Yang-Mills gauge fields in twistor space (see e.g. refs. 68 


for this and related work), when it is referred to as the harmonic gauge condition. Our context here is more general, 
given that the twistor function being referred to may describe a spacetime field in either scalar, gauge or gravity 
theory. 
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is the volume form on CP! and we have used the identity 


1 ro nR.. aE tii 
f D esi (86) 
2ri Jx Gore 2n+1 


Thus, fọ is the harmonic Dolbeault representative for the field y p’... 


Consider now a pair of EM ie ot w Bò $? (2) pr a scalar ¢ and a gravity field oS ‘Bc p: that enter 
the Weyl double copy of eq. (3). From these, we may construct “Ep im functions 6, ® and F 
according to eq. (sip. It is ae a to verify that eq. (3) implies 


l) p(2) 


pf = 
® 


(87) 


For the gravity solution, we thus obtain a harmonic Dolbeault representative 


GA p) g2 
f -o(p ; (88) 


We therefore see that the spacetime Weyl double copy implies a simple product structure in twistor 
space. Furthermore, eqs. imply that all Dolbeault representatives occuring in the 
scalar, gauge and gravity theories are harmonic. This is perhaps the cleanest twistorial incarnation 
of the double copy that we have yet encountered. Each cohomology class corresponding to a given 
spacetime field has a unique and minimal representative, namely that (0,1) form which is harmonic. 
We have seen that it is possible to combine harmonic (0,1) forms in twistor space of homogeneity 
—2 and —4, in order to obtain a (0,1) form of homogeneity —6 that is also harmonic. This then 
fixes which gravity solution we are talking about upon performing the double copy. 


Note that eq. (88) bears a resemblance to eq. (46), i.e. to our first Dolbeault double copy obtained 
as a simple ting of the Cech approach. However, there are important of ea, G3) the (0,1) 
form of eq. is defined locally, in a single coordinate patch, whereas that of eq. ( is defined 
globally, as = as involving a different differential operator. We may of course a Gs eq. (46) in 
Euclidean signature, and it is clear that the Dolbeault representatives defined by eqs. 88) will 
not be the same in general. Nevertheless, for gravity fields which obey the Weyl double copy, the 
two differing representatives correspond to the same spacetime gravity field if the same scalar and 
gauge a are chosen. To see this, note that we may Penrose transform each ‘Gi a s appearing 
in eqs. ) to obtain a spacetime field, which we may then plug into eqs. eS generate 
a E a n, If the gravity field obtained by Penrose oi ea 46) obeys the 
Weyl a Sopi, we an plug it into eq. (81) 81) to give a function satisfying eq. ,as i above. 
Then eqs. and (88) correspond to the same spacetime gravity field, s ea CA a dic Weyl double 
copy of the sine and gauge fields. 


The above discussion implies that there are at least two choices of Dolbeault representatives such 
that a product structure in twistor space leads to the Weyl double copy in position space: those 
defined separately by eqs. [88). Unlike the case of harmonic representatives, however, eq. 
does not furnish us with a clear interpretation of which representatives we must choose in order to 
make the double copy manifest, (i.e. the choice of Cech representatives appears ambiguous). As we 
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have already mentioned above, a third choice has recently appeared in the literature [53], inspired 
by previous work [54]. The authors considered purely radiative spacetimes, namely those that are 
completely defined by characteristic data at future null infinity Z*. Each point z in Minkowski 
spacetime is associated with a spherical surface 92, corresponding to where the lightcone of null 
geodesics at x intersects Z*. Each null geodesic at x, however, corresponds to a point in projective 
twistor space PT, and the set of all such points forms the Riemann sphere X associated with x. 
There is then a well-defined map from the sphere S2 to X, such that characteristic data on S2 can 
be used to fix a Dolbeault representative on X whose Penrose transform leads to a given radiative 
spacetime field [54]. As argued in ref. [53], this may be done consistently in scalar, gauge and gravity 
theories such that a spacetime double copy is obtained. On the face of it, this procedure appears 
to be different to either of the procedures defined above for choosing Dolbeault representatives in 
the twistorial double copy, especially given that ref. discussed radiative spacetimes only. 


5 Discussion 


In this paper, we have considered the classical double copy (specifically the Weyl double copy 
of ref. |15|), and how one may formulate this in twistor space. This was already considered in 
refs. be which showed that a certain product of twistor functions can be used to derive the 
Weyl double copy in position space. However, this creates a puzzle, in that one cannot ordinar- 
ily multiply twistor functions together in the Penrose transform that turns twistor quantities into 
spacetime fields. The twistorial quantities associated with any spacetime field can be subjected to 
equivalence transformations that do not affect the latter, such that they are representatives of co- 
homology classes. This casts doubt on whether the double copy can be furnished with a genuinely 
twistorial interpretation, or whether the twistor approach acts merely as a useful book-keeping 
device, that can be used to efficiently generate instances of the classical double copy. Furthermore, 
refs. used the language of Cech cohomology groups, and if the twistor picture makes sense 
then it must also be possible to instead use the more widely used framework of Dolbeault coho- 
mology. 


We have herein presented two methods for writing the twistor double copy in the Dolbeault frame- 
work. In the first, one may use a well-known procedure for turning Cech representatives into 
Dolbeault counterparts, in order to recast the Weyl double copy in the Dolbeault language. The 
product structure that is inherent in the Cech approach then survives in the Dolbeault approach, 
for obvious reasons. Whilst it is encouraging that this works, it still provides no clue as to how one 
can somehow pick out special representatives of each cohomology class entering the double copy, so 
that the procedure becomes unambiguous. To remedy this, we presented a second Dolbeault double 
copy, which relies on known techniques for treating Euclidean signature spacetime fields [44)/51). 
In this approach, the Weyl double copy in position space indeed picks out special cohomology class 
representatives in twistor space, namely those (0,1) forms that are harmonic. This is particularly 
appealing given that harmonic forms are uniquely defined for each cohomology class, and in some 
sense minimal. However, it follows from the first approach presented here that choosing harmonic 
forms is not the only way in which a product in twistor space leads to the same Weyl double copy 
in position space. Furthermore, neither of the approaches presented here is obviously equivalent 
to the arguments of ref. [53], which used characteristic data at future null infinity to fix particular 
representatives corresponding to radiative spacetimes. 
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We can perhaps clarify matters by considering the original double copy for scattering amplitudes. 
In that case, it is only in certain generalised gauges (consisting of a choice of gauge and / or 
field redefinitions) that the double copy — which has a manifest product structure term-by-term 
in a graphical expansion of the scattering amplitude — is made manifest. It is possible to work in 
different generalised gauges, but at the expense of losing the simple product form of the double 
copy (71). Something like this idea occurs elsewhere in the double copy literature, with a further 
example being the Kerr-Schild double copy of exact solutions of ref. g. In that case, the gravity 
solution must be in a particular coordinate system in order that its single copy can be taken, which 
is such that a simple product formula applies between the scalar and gauge fields entering the 
double copy. Kerr-Schild coordinates are sufficient for this purpose, although there may be other 
coordinate systems that accomplish this. An approach for copying spacetime fields in arbitrary 
gauges at linearised level has been developed in the convolutional approach of refs. [21H27], which 
makes clear the the product form of the double copy is not manifest in general. Based on these 
remarks, we find it highly plausible that the double copy in twistor space can be given a general 
form, such that the product structure is made manifest only for particular cohomology represen- 
tatives. That more than one product structure leads to the same position space double copy is 
not a problem, as there may be more than one choice of representatives that makes the product 
structure possible. However, it seems unlikely that the product structure would be true in general, 
given that it is so obviously incompatible with the equivalence transformations that define each 
cohomology class. This leaves the mystery of how one can choose cohomology representatives a 
priori so that the twistor space product applies. We regard our second Dolbeault double copy as 
particularly useful in this regard, given that it uniquely fixes a representative for each of the fields 
(scalar, gauge and gravity) entering the double copy. 


Our above remarks are of course only speculative, and other possibilities remain. For example, one 
may have different product structures that are possible in twistor space (corresponding to different 
ways of picking cohomology representatives), but such that these correspond to different double 
copies in position space. In such a case, one could formally define the notion of a (non-unique) 
double copy in twistor space by giving (i) a method for choosing cohomology representatives for 
scalar, gauge and gravity fields; (ii) a product formula (or other map) for combining the chosen 
representatives. It may then turn out to be the case that only one of these definitions matches 
the original double copy for amplitudes, but the remaining double copies may nevertheless be 
useful for something. The relationship between the twistor double copy of refs. and the 
amplitudes double copy has been very recently addressed in ref. (72], which showed that classical 
spacetime fields can be obtained as a Penrose transform of scattering amplitudes which have been 
transformed from momentum to twistor space. The known double copy for amplitudes would then 
imply a twistor-space double copy, and exactly how this relates to the ideas of this paper would be 
very interesting to investigate further. Another possibility is that there is no genuine double copy 
in twistor space at all, and that the results obtained thus far in refs. are coincidental, 
and do not generalise further. Our present paper gives us hope that this is far too pessimistic a 
conclusion, but also tells us that further investigation is necessary. 
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